STABLE EXTENSIONS BY LINE BUNDLES 
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Let C be a generic curve of genus g. Denote by U {n, d) the moduli space of stable vector bundles of 
rank n and degree d on C. Let E be an element of U{n, d). Consider the set of subbundles E' of rank n' of 
E. Let E" be the corresponding quotient and n" its rank. We have an exact sequence 



(0, 1)0^ E' ^ E ^ E" 



■ Define the integer 



(0, 2)s.a'{E) = min{n'deg{E") - n"deg{E')} = n'd - nmax{deg{E')} 

Where the minimum or maximum is taken as E' varies in the set of subbundles of E of rank n' . Then, 
Sn' [E) = n'd{n). It is known (cf.[N],[M-S]) that < si{E) < n"n'g. Consider now the following stratification 
of U{n,d): denote by 

Us,n'{n,d) = {Ee U{n,d)\sn'{E) <s},0<s< n'n"g 



^ , As the function Sn'{E) is upper semicontinuos in a family of vector bundles, the loci Us{n,d) are closed in 

I U{n,d). The expected dimension of Us{n,d) is given by (see [L] section 4) 

o - 

lO ■ '^s,n' = {n^ - n'n"){g - 1) + s + 1 

o 

' Non-emptiness of Us^n' (n, d) will imply in many cases that the expected dimension is in fact the dimension 

(see [L] p. 455). Lange conjectured (cf.[L]) that the loci Ug^n' should be non-empty for < s < n'n"{g — 1) 
In this paper prove the conjecture in the case n' = 1 and we shall often drop the subindex 1. 

bJO' (0?3) Theorem. On a generic curve of genus g dimUs.iin, d) — Us{n, d) = ds.i, < s < {n — l)g, s = d{n) 

if' 
> 



We are going to prove the result by a degeneration argument. Consider the set of extensions of a rank 
n-1 vector bundle by a line bundle L so that 

deg{E) — (rt — l)deg{L) — s 

The main point is to show that there is such an extension E that is stable(cf[L], section 4). We do this for 
a reducible curve made essentially of g elliptic curves forming a chain. We then show that this suffices in 
order for the result to hold for the generic curve. 

The result was known already when rkE = 2 (cf [L-N])and when 

< fi{E") - ii{E') <{g- l)/max{rkE', rkE") 

and in a few other special cases ([B-B-R]). 

We plan to deal with the general case (arbitrary rank for E') in the future. 

My interest on this question was spurred by a talk given by Barbara Russo at the Europroj 96 meeting. 
I would like to thank her and the organisers of the conference especially Peter Newstead for giving me the 
opportunity to attend. I am a member of the Europroj group Vector Bundles on Curves. 

1 The result for the special curve 
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In this section C will denote a reducible nodal curve that we construct as follows: Take g generic elliptic 
curves Ci, Cg with marked points Pi,i = 2, 5; Qi, i = 1, g — 1, Pi, Qi G Ci. Glue to Cj+i at Qi 
and Pi+i respectively. We want to prove the equivalent of Theorem (0,1) for this curve. 

We shall assume that the reader is familiar with the theory of moduli of stable vector bundles on a 
reducible curve as developped by Seshadri (cf.[S])(see also [Tl,2,3]). 

We define Us{n, d) as the subset of Us{n, d) of those E such that there is a sequence (0,1) in which the 
E',E" that give the value s are both stable. 

(l,l)Theorem. On the curve C defined above, dimUs,i{n, d) = ds,i,0 < s < {n — l)g, s = d{n). 

We introduce the following notation that we shall use repeatedly. If is a vector bundle, Ep will denote 
the vector space fiber of E at the point P and P{Ep) the projective space of lines in this vector space. Also 
S^{E) denotes the set of immersed line subbundles of degree k in E. 

Construct now a vector bundle E on C oi degree rf, 0<d<n— lin the following way: Denote by k 
the greatest common divisor of d and n. Write d = kd\,n = kn\. On the component C\ choose a vector 
bundle El obtained as the direct sum of k irreducible generic vector bundles of degree di and rank ni. On 
the components Ci,i > 2, choose a direct sum of n generic line bundles of degree zero. Choose a positive 
integer a,Q < a < g — 1. Denote by [x] the greatest integer less than or equal to x. Define integers t,k as 
follows \ia<g—l—n + d 

{l.2.a)t = [{g — 1 — a — n + d)/n],k = g — 1 — a — n + d — tn 
and iia>g — 1 — n + d 

(1.2.6), i = 0,k = g - 1 - a 

The gluings will be generic on the first g — 1 — a nodes. On the last a nodes they will be as described 
below. 

Pick a degree zero line summand of Ei,i = g — a + l...g and glue them together to make a degree zero 
line subbundle in the chain consisting of the last a curves. Let the gluings be generic otherwise. We shall 
see the following 

(1.3) Claim lfa<g — 1— n + d, there are line subbundles of degree — (fc + {n — l)t + n — d — 1) 
on the union of the first g ~ a components. Their fibers at Qg-a vary in a subvariety of dimension k of 
F{Eg-a,Qg-a)- ^fci>g— i — n + d, there arc line subbundles of degree —k on the union of the first g — a 
components. Their fibers at Qg-a vary in a subvariety of dimension k + d oi F{Eg-a,Qg-a)- 

Glue one of the special directions whose existence is claimed in (1,3) with the direction of the degree 
zero line subbundle. Let the gluing be generic otherwise. 

(1.4) Claim. 

s{E) =d + n{n-d+{n-l)t + k-l),a<g-l-n + d 
s{E) = d + nk, a>g— 1— n + d 

Remark: The set of s obtained in that way cover the whole range of integers s = d{n), < s < {n—l)g. 

Let us now count the number of moduli of such families. The choice of Ei is the most generic inside 
one component of the moduli space of vector bundles on C(cf [T]p.342, Theorem). The choice of gluings at 
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each of the last a — 1 nodes imposes n — 1 conditions on the gluing. The gluing at the g — a node imposes 
n — I — k conditions if a < g — I — n + d and n — 1 — k — d conditions ifa>(7 — 1 — n + rf. Therefore the 
number of moduli for such a family is n^(s( — 1) + 1 — (n — l)(a — 1) — (n — 1 — fc) if a < (/ — 1 — n + d and 
n'^{g — 1) + 1 — {n — l){a — 1) — {n — 1 — k — d) if a > g — 1 — n + d. Using the definition (1,2) of k, one can 
check that this number coincides with dg- 

In order to prove (1,3) and finish the proof of (1,4), we need some preliminary results. 

(1,5) Lemma. Consider generic elliptic curves Ci,...,Ct with marked points Pi,Qi € Ci. Form a nodal 
curve C of genus t by gluing Ci to Ci+i at Qi and Pj+i respectively . Consider a vector bundle E onC such 
that the restriction Ei to Ci is a direct sum of n generic line bundles of degree zero and the gluings 

at each node are generic. Consider onc-dimensional spaces Vi of Ei^p^ and of Et,Q^ . There is a subline 
bundle L of E of degree at least —t such that Li,Pi = V\°, Lt^Q^ = Wt if and only if t > n — 1. 

Proof. In order to construct a line subbundle of E, one should take a line subbundle Li of each Ei such 
that the fibers at the nodes glue by means of the cpi. 

As Ei is a direct sum of n generic line bundles of degree zero, the maximum degree of a line subbundle 
is zero and there are only a finite number of them. As the gluings are generic, these linesubbundles do not 
glue with each other. 

Recall that is a given one-dimensional subspace of the vector space Ei . Define the following sets: 

Aj = {{L,...Lj,V2...Vj,Wi...Wj) e S-\E,) X ... x S-\Ej) x P(^2,pJ x ... x P(S,-,p.)x 

xPiEi^Q,) X ... x P{Ej^Q.)\Li,p, = V°,Li^p, =Vi,i = 2..j,Li,Q. =Wi,i= (pi(Wi) = Vi+i,i = - 1} 

(1.6) Claim. dim,Aj = j,l < j < n — 1. 
We prove the claim by induction on j. 

For every line bundle Li of degree —1 on Ci, h^{Ei (g) L^^) = n. Hence, there is an (n-l)-dimensional 
projective space of non-zero maps Li Ei. If we fix one direction Vi C -Ei,Pi, we obtain a unique such 
map up to homothety. Therefore, Ai is an elliptic curve isomorphic to Ci. 

Assume now the result for j — 1 and prove it for j. There is a natural forgetful map Aj — > Aj-i. The 
fiber over a generic point {Li...Lj-i,V2...Vj-i,Wi...Wj-i) is given by 

{iL„V„W,)\V, = L,,p^ = ^,-i{Wj-i), W, = L,,qJ = {L,|^,_i(W^,_i) = L,- pj. 

As in the case of Ai, one can sec that this fiber is an elliptic curve isomorphic to Cj. Therefore dimAj = 
dimAj-i + 1 = j. This proves (1,6). 

(1.7) Claim. Denote by Wi projection from Ai on the i*^ term. Then dirmr3j-i{Aj) = j. 

Again, we prove the claim by induction on j. For j=l, we need to see that if Li, L[ are different generic 
vector bimdlcs of degree —1 on Ci immersed in Ei so that ii,Pi = Vi = L[ p^, then Li,Qi ^ L[ g^. In 
fact, as Qi is generic, the opposite would mean that = L'i^q for all points Q S Ci. Hence the two line 
subbundles would coincide as bundles immersed in Ei. As they have the same degree, they should in fact 
be equal. 
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Assume now the result true up to j — 1 and let us prove it for j. As dim{Aj) = dim{'jTsj-i)~^ (Aj) < j 
then the fibers of TTsj-i are positive dimensional. 

Fix C Eq-. For each Lj , there is one immersion in E'j such that Lj^q^. = Wj. If dirmr3j-i{Aj) <j — 2, 
then dim{-Kj x 'Kzj-i){Aj) < j — I = dim-K^j_i)_i{Aj-i) = dim'jT2j-i{Aj) where the last equality comes 
from the fact that Wj-i determines Vj uniquely . This would imply that for a generic point Vj e P{Ej^p.), 
there is only a finite number of line bundles Lj with Lj p. = Vj and this is false. Hence, if the fibers are 
positive dimensional, they are in fact one-dimensional. Choose an irreducible component K of the fiber. 
Then ttj projects it onto Pic~^{Cj) = Cj. Also, at least one (say tt^) of the projections 7r,,i = — 1, is 
not constant . This comes from the fact that Lj determines both Vi and Wj for each i. Denote still with 
TTk, TTj the restrictions of the projections to K. Choose any base point in Cj. Then addition of points of Cj 
is well defined. We define now a non-constant map 

Cfc — > Cj 

^ ~^ T,Qew-\p)Q 

Hence, Ck,Cj are isogenous. This contradicts the generic choice of the curves and finishes the proof of 
(1.4). 

With the notations introduced so far. Lemma (1,5) amounts to saying that n3j-i{Aj) is a dominant 
map if and only if j > n — 1. This follows immediately from (1,7). 

(1,8) Lemma. Let all the data be as in (1.4) except that now Ei is the direct sum of k irreducible generic 
vector bundles of degree di and rank ni. There is a line subbundle L contained in E with degL > —{t — 1) 
such that Lq^ = W° if and only if t > n — d. 

Proof of (1.8):A sublinebundle of Ei has degree at most 0. Moreover, given any line bundle Li € 
Pic°(Ci), h^{Ei (g) L^^) = d. Therefore there is a projective space P'^-^ of immersions Li — > Ei. 
Consider the set 

Aj = {{Li...Lj,V2...Vj,Wi...Wj) e S°{Ei) X S-^E2) x ... x S-\Ej) x P{E2,p,) x ... x P{Ej,P,)x 

xP{Ei^Q,) X ... X P(%qJ|L,,p^ =Vi,i = 2..j,Li,Q, = Wi,i = l...j,ipi{Wi) = Vi+ui = 1-i - 1} 

(1.9) Claim. The dimension dimAi = d = dinnT2{Ai). 

Proof of the claim: There is a natural map Ai — > Pic°(Ci) that is surjective, the fibers being projective 
spaces of dimension d — 1. Prom this, one can compute the dimension of Ai. 

We need to show now that the generic projection has finite fibers. To this end we shall need the following 
result 

(1.10) Claim. We can specialise Ei to a direct sum of d line bundles of degree one and n-d line bundles 

of degree zero. 

Proof of (1,10). It is enough to see that an irreducible line bundle of degree di and rank ni can be 
specialised to a direct sum of a line bundle L of degree zero and an irreducible vector bundle F of rank ni — 1 
and degree di. The family of extensions of F by i would do the job. 

In order to prove (1,8), it is enough to see that the fibers of the map to Pic°(Ci) map to different 
subspaces by TT2. In the special case 

Ei=L^® ... ®L'^® L'^+'^ e ... e i", degU = l,i = l...d; degU = Q,i = d+ l...n 
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take the fiber over L'^^^ . With the canonical coordinates in P(£'i_Qj^) given by the decomposition of Ei, 
the projection of this fiber contains the open subset Xd+i 0,Xi = Q,i = d+2, ...n. On the other hand, the 
projection of the fiber over a generic L ^ U , i = l...n is disjoint with this set. This proves (1,9). 
Proof of (1,8): Define 

Bj = {{L2...Lj,V2...Vj,Wi...Wj) G S-'{E2) X ... x S-^{Ej) x P{E2,p,) x ... x P{Ej,p.)x 

xP{E2,Q,) X ... X P{Ej^Q.)\Li,p, = VuLi^Q, =Wi,i = 2...j,^i{Wi) = Vi+i,i = 2..j - l,Wj = W°} 

where Wj is a fixed subspace. By (1,6) (applied to the chain in the reverse order), dirmrj{Bj) = j — 1. In 
order for a line subbundle as in (1,7) to exist, we need dim'jTj{Bj) + dirmr2{Ai) > diniP{Ei^p^) = n — 1. 
Hence, j > n — 1 as claimed. 

(1.11) Corollary. dimAj = d + j — 1 = dirmr3j-i{Aj), I < j < n — d. 

Proof. We already know the result for j = 1- The computation of the dimension of Aj is identical to 
the proof of (1,5). Hence, dirmr3j-i{Aj) < d + j — 1. But if the inequality were strict, as this dimension 
can only increase in one unit with each j, then dinnT^n-d)-i{An — d) < n — 1. Then, n^n-d)-! would not 
be surjective. On the other hand, (1.8) implies the surjectivity of this map. This contradiction finishes the 
proof of (1,11). 

We can now finish the proof of (1,3) and (1,4). If a > g — 1 — {n — d), (1,2) and (1,3) are an immediate 
consequence of (1,7) and (1,10). 

Assume a<g — 1 — n + d. We want to see that there is a line subbundle whose degree in the chain of 
components is as follows 

t 

/ s 

n — n— 1 n— 1 k a 

By (1,8), there are such line bundles on the first n — d components and their fibers at Qn-d hU the 
whole space. One can then glue one of them to one of the degree zero summands of En-d+i- Using (1,5), 
one can continue this line bundle to the next nt components. Finally by (1,11), one can continue it to the 
next k components and the fiber at Qg-a moves in the stated dimension. 

For a higher degree line bundle to exist, one should replace some of the degree -1 line subbundles of 
some Ei by degree hue subbundles. From (1,5) and (1,8), this is impossible. In order to complete the proof 
of (1,1), it remains to show that all bundles that appear are (semi)stable for suitably chosen polarisations. 

(1.12) Lemma. Consider the vectorbundle E, the subhnebundle L and the quotient E/L defined above. 
Up to tensoring the above data with hue bundles of suitable degrees, one can choose polarisations that make 
them semistable and even stable unless d\n, s = 0. 

Proof: Notice that the restriction of E (and of course of L)to any component is semistable. We show 
now that the same statement holds for E/L. 

On the components C2, Cg, E\Ci ^ Li® ...®Ln where each Lk has degree zero and they are generic. 
When L\Ci is one of the Lk with the natural immersion, the result is obvious. When L\c. is a degree —1 line 
bundle, its image by the immersion in E]^q^ is not contained in any proper direct sum of the degreee zero line 
subbundles (as the gluing data are generic). Assume the quotient non-stable. Let be a subbundle of the 
quotient of degree dp and rank np that contradicts semistability (i.e. dp/np > fi{E^c./L\c.) = l/{n— 1)). 
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The pull-back of F to E is then a subbundle of E of degree dp — ^ and rank np + 1 that contains L^d- 
Therefore, tt~^{F) is not contained in any proper direct sum of the Li. This implies that deg-K~^{F) < 0. 
So dp <0 which contradicts the assumption. 

We now prove the similar result for Ci. We shall write E for .Again the result is obvious for d = 0. 
So let us assume < < n. We shall show that the quotient of S by a sublinebundle L of degree zero 
is indecomposable. Assume the opposite. Then, the quotient is the direct sum of indecomposable bundles 
Fi © ... © Ffc. The exact sequence 

^ L ^ E ^ Fi ® ... ® Fk ^ 

corresponds to an extension class 



6 = {6i, 6k) e H\F* (g)L) = H\F* (g) L) © ... © H\F^ <E) L) 
Each 5i corresponds to an extension 

Q^L^E.^Fi^Q 
and we have an exact commutative diagram 





i 
L 

iA 

k 



i 

k-l 





i 

E 
I 

Ei®...®Ek 

i 

k-l 



'Fk ^ 



L®---®L = i® •••©L 

i i 


where A is the diagonal map. 

We first prove that the map from E to any direct summand of any Ei cannot be zero: Assume this were 
the case. Write Ei = © E" with the map from E to E'^ being zero. Then, injects into L © • • • © L. In 
particular, it is torsion-free of slope at most 0. Chassing the diagram above, one finds that L surjects onto 
E'i and therefore E'i has rank one. It follows that E'i = LjE'/ = Fi. This contradicts the commutativity of 
the upper left square. 

As E is semistable and h°{E*®E'^) > 0, ii{E^)-ii{E) > (cf [A]). Equivalently, ndeg{E^)-drk{Ei) > 0. 
Notice that degEi = degFi , rkEi = rkFi + 1 . Adding over all inequalities above, we find nd — d{n — 1 -|- fc) > 0. 
So, 1 — fc>Oorfc<l. Hence, fc = 1 and F is irreducible. 

Consider now a line bundle L on C of degree hi on the component Cj. When tensoring a vector bundle 
E by L, the degree of E is modified in nfcj. Therefore, for a suitable choice of the A;,, one can bring the 
degree of the new vector bundle on each component inside any given interval of length n. If the restriction 
of E to each component is semistable, so is the restriction of the modified vector bundle. By [Tl] Theorem 
(see also [T2]), this is enough to insure stability. 

The reduction step 

(2,l)Lemma. Let Cq be (a possibly reducible) curve such that tjs^n'(n,d){Co) is non-empty and has a 
component of dimension ds,n'- Denote by Ci the curve obtained from Co by adding chains of rational 
components between the nodes. Then C/s,„'(n, d){Ci) is non-empty and has a component of dimension ds,n' 
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Proof: Consider the map n : Ci ^ Cq obtained by contracting the rational components. Denote by 
El the puU-back by tt of a vector bundle Eq on Co- This is trivial (i.e. of the form O") on the additional 
chains of components. This establishes a one to one correspondence between vector bundles on Co and 
vector bundles on Ci that are trivial on the additional chains of rational components (cf[T3] section 4). 
This correspondence preserves stability by suitable polarisations (cf [T3] Lemma (1-3)). The subbundles of 
a trivial vector bundle have degree at most 0. Also the group of automorphism of a trivial vector bundle is 
the linear group. This establishes an isomorphism between any two fibers. If the chain glues to the rest at 
points Qi, Pj+i coming from Co, this isomorphism coincides with the original gluing on Co. One can then see 

that Sn'iEo) = Sn'{Ei). 

Moreover in a neighborhood of Ei , the elements of the moduli space are trivial on the rational chain 
(as these arc the most generic elements in the moduli space). Hence the dimension of Us.n'{n,d){Ci) in a 
neighborhood of Ei coincides with the dimension of Us,n' {n, d){Co) in a neighborhood of Co. This completes 
the proof of (2,1). 

(2,2) Proposition. Let C ^ S be a family of curves parametrised by a discrete valuation ring. Assume 
that the generic curve Ct is irreducible non-singular while the special curve Co is a curve of compact type 
(i.e. tree-like). Assume that Co has a vector bundle Eo of rank n and degree d that can be written as an 
extension 

0^ E'o^ Eo^ E'^ ^0 

Assume that (up to tensoring with line bundles on Cq of preassigncd degree on each component) all data 
are stable (by polarisations (a^), (a^), (a-') on Co if the curve is reducible). Assume that s„' (E) = s and E' is 
a subbundle of rank n' with maximal degree. Assume moreover than in a neighborhood of Eq The locus of 
vector bundles with Sn' (E) = s has dimension ds,n' ■ Then in the generic curve, the locus of stable bundles 
with Si{E) = s is non-empty and has dimension ds,n'- 

Proof: Make a base change if necessary so that Eq,Eo,Eq can be extended to vector bundles on the 
whole family. One can also assume that the family has enough sections so that moduli spaces of stable 
bundles on the family exist. One may need to replace the central fiber by a new curve Ci which has strings 
of rational curves inserted between the nodes. By (2,1), the hypothesis on Co hold also for Ci. 

Consider now divisors on C consisting of sums of components of C\ with suitable multiplicity. As Ci 
is of compact type, there are such divisors with any preassigned degree on the components of C\. Choose 
line bundles C',C,C", of this form on C. Consider now the moduli spaces U{n' ,d' ,{a[)), U{n",d",{a")). 
The elements of these moduli spaces tensored with C and C" respectively parametrise vector bundles of the 
type of E' and E" that we started with. Then, as in [L] section 4, one can consider families of extensions 
of this type of bundles. One sees then that the family of stable extensions as stated is either empty or 
has dimension dg + dimS. As the fiber over Ci is non-empty and has dimension dn',s, the family of stable 
extensions projects onto S and the generic fiber has dimension dn',s- 

Proof of (0,3): this is a consequence of (1,1) and (2,2). 
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